Series solution for a steady flow of a third grade fluid between two porous walls is given by the homotopy analysis method (HAM). Comparison with the existing numerical solution is shown. It is found that, unlike the numerical solution, the present series solution holds for all values of the material parameter of a third grade fluid.
Introduction
During the last few decades the study of nonNewtonian fluids is motivated by their widespread applications in industry. Examples of such fluids are molten plastics, polymers, pulps, foods, and slurries. The non-Newtonian fluids are mainly classified into three categories, namely the differential type, rate type and integral type. One of the simplest subclasses of differential-type fluids is known as the second grade fluid. There is a large body of literature dealing with steady and unsteady flows of a second grade fluid in various situations. Some interesting works on the flows of a second grade fluid that have been reported previously may be mentioned in [1 -10] .
It is a well established fact that second grade fluids exhibit the normal stress effect and do not show the shear-thinning and shear-thickening phenomena [11] which many fluids do. However, third grade fluids [12] are capable of describing such phenomena. Moreover, the equation of motion in a third grade fluid is more complicated than the corresponding equation in a second grade fluid. Very recently, Ariel [13] studied the flow of a third grade fluid bounded by a porous channel. He found that the developed series solution degrades sharply when the material parameter of the third grade fluid is increased. Later Hayat et al. [14] reconsidered the problem of [13] and found the three term homotopy solution valid for all values of the third 0932-0784 / 09 / 0100-0059 $ 06.00 c 2009 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com grade parameter. The present work is an extension of [14] allowing an arbitrary number of terms in the homotopy analysis method (HAM) by different operators to find a new formulation of the HAM.
In the present paper, we will study the flow of a thermodynamic third grade fluid between two porous boundaries. The formulated problem is non-dimensionalized and will be solved using the HAM [15] . This technique is very powerful and has been already employed by many workers [16 -30] for the series solutions of various problems. Here the convergent series is developed and analyzed.
Problem Statement
In this section we briefly introduce the equation for a steady flow of a third grade fluid between two porous walls at y = 0 and y = b. The x-and y-axes are taken parallel and normal to the channel walls, respectively. There is cross flow of uniform injection of the fluid at the lower wall with velocity V 0 and equal suction at the upper wall. Employing the same line as drawn by Ariel [13] and Hayat et al. [14] , the dimensionless problem formulation turned out to be in the form
In the above equations
ρ is the density of the fluid, µ is the dynamic viscosity, α 1 and β 3 are dimensional material parameters, p is the pressure, u is the x-component of the velocity, and the prime indicates differentiation with respect to η. Moreover the signs of material parameter are given in [12] . Integration of (1) yields
where D 1 is a constant of integration. Using
(2) and (3) become
where
Now letting τ = mη, where m is a suitable constant whose value is to be determined later, (5) and (6) reduce to
and the boundary conditions
Solution by the HAM
According to (7) and the boundary conditions (8), the solution can be expressed in the form
where the c n (n = 0, 1,...) are coefficients to be determined. According to the rule of solution expression denoted by (9) and the boundary conditions (8), it is natural to choose
as the initial approximation to W (τ).
We define an auxiliary linear operator L as
with the property
where C is a constant and
The choice of L is motivated by (9) , choosing
and the later requirement that (20) should contain only one non-zero constant. From (7) we define the non-linear operator
and then construct the homotopy
whereh is a non-zero auxiliary parameter. Setting H[φ (τ; p)] = 0, we have the zero-order deformation equation
subject to the boundary conditions
where p ∈ [0, 1] is an embedding parameter. When the parameter p increases from 0 to 1, the solution φ (τ; p) varies from W 0 (τ) to W (τ). If this continuous variation is smooth enough, the Maclaurin's series with respect to p can be constructed for φ (τ; p), and further, if this series is convergent at p = 1, we have
Differentiating (16) and (17) n times with respect to p, then setting p = 0, and finally dividing by n! , we obtain the nth-order deformation equation
where R n is defined as The general solution of (18) is
where C is a constant andŴ n (τ) is a particular solution of (18) . The unknown C is obtained by the first condition of (19), i. e.,
In this way, we derive W n (τ) for n = 1, 2, 3,... successively. At the Nth-order approximation, we have the analytic solution of (7), namely
The auxiliary parameterh can be employed to adjust the convergence region of the series (21) 
Numerical Results
By means of the so-calledh-curve, it is straightforward to choose an appropriate range forh which ensures the convergence of the solution series. As pointed out by Liao [15] , the appropriate region forh is a horizontal line segment. Our solution series contain the auxiliary parameterh. We can choose an appropriate value ofh to ensure that the solution series converge. We can investigate the influence ofh on the convergence of U( 1 /2), the velocity in the middle of the channel, by plotting the curve of it versush, as shown in Figs. 1 and 2 for some examples.
Here it is worth mentioning that the HAM solution is valid for all values of the physical parameters R, K, and T . Therefore, it seems reasonable to assume that the HAM solution holds even for those values of the physical parameters for which Ariel [13] had a problem in obtaining the convergence of the series solution for large values of T . In Table 1 , U( 1 /2) is presented for various values of R, K and T , and for selectedh with minimum residual error in the middle of the channel, which seem reasonable values according to Figs. 1 and 2 , for example. The numerical solutions in the first column of Table 1 were obtained by Ariel [13] . The second column stands for an old formulation of the HAM with three terms, which was obtained in [14] . In Table 1 , ' ' means that this number was not reported by the mentioned references. The obtained results show that the proper value ofh depends considerably on the set of parameters which have been demonstrated in [14] for an old formulation of the HAM. Figures 3 and 4 show theh-curves for R = 1, T = 5, and K = 0.2 and 0.5, respectively. Looking at Table 1 , it has to be remarked that Ariel [13] was not able to get the convergence of the solution for the abovementioned values of the parameters. Thus the HAM offers an attractive alternative for computing the flow of viscoelastic fluids where numerical techniques fail to give the solution for various reasons.
Conclusion
We discussed the flow of a nonlinear fluid. An analytical solution of the highly nonlinear problem was constructed. The obtained series solution strongly depends upon the material parameters of the third grade fluid. It was found that the velocity field increases upon increasing the material parameter of a second grade fluid. This study is an extension of [14] allowing an ar-bitrary number of terms in the HAM by different operators to find a new formulation of the HAM. The HAM provides a convenient way to control the convergence of approximation series; this is a fundamental qualitative difference between the HAM and other methods for finding approximate solutions.
